The stability and non-normality of an open-ended thermoacoustic system with three different mean temperature configurations are considered. An acoustically-compact heat source is confined and modeled by using a modified form of King's Law. Coupling the heat release model with a Galerkin series expansion of the acoustic waves enables the time evolution of flow disturbances to be calculated, thus providing a platform on which to gain insights on the thermoacoustic system stability and non-normality behaviors. The three mean temperature configurations are a). the mean temperature in pre-and after-heater regions is assumed to be same, i.e.
INTRODUCTION
Thermoacoustic instability is one of the most troubling problems in leanconditioned propulsion systems, such as gas turbines [1, 2] , afterburners [3] and rocket motors [4, 5] . It also happens in other combustion systems, including ramjets, furnaces and boilers [6] . Thermoacoustic instability is characterized by a largeamplitude self-excited pressure oscillation. In certain condition it may become so intense that serious structural damage and costly mission failure are caused. = T / T 1 2 1 > T / T 1 2 1 With increasingly stringent requirements of NOx emission, the problem of thermoacoustic instability becomes even more severe in new-generation combustors. For gas turbines, burning at lean operating conditions is desirable to reduce the NOx formation. And in propulsion devices such as ramjets, burning under near stoichiometric conditions is favorable for achieving enhanced heat release. However, both applications will lead the combustion systems to be more susceptible to combustion-induced oscillations. Thermoacoustic instability can also occur in a Rijke tube [7, 8] , which is a simple open-ended tube with a compact heat source inside. At proper modifications, a Rijke tube can generate a loud sound which exhibits a similar process of thermoacoustic instability with real-world devices. Therefore it is often used to study the property of combustion systems and help to make some predictions for the real afterburners and other engines on a laboratory-scale, thus providing a platform to gain an insight on the combustion instability.
Numerous experimental [9, 10] , theoretical [11, 12] and numerical [13] [14] [15] works have been done to understand the physics behind thermoacoustic instability. Generally, thermoacoustic instability results from the coupling between the unsteady heat release and the acoustic pressure. The unsteady heat release is an efficient energy source to generate the pressure oscillation, which in turn disturbs the instantaneous heat release rate. According to Rayleigh criterion [16] , if the heat release rate from the heat source is in phase with the acoustic pressure, the pressure oscillation is intensified and the stable combustion system can be destabilized. However, if the heat release rate is out of phase with the acoustic pressure, the pressure oscillation is dampened and the combustion system becomes stable. The phase difference between the unsteady heat release rate and the acoustic pressure is often used to predict the onset of combustion instability.
The Rijke type thermoacoustic system is nonlinear [17, 18] and non-normal [19, 20] . The presence of a heat source and its dynamic interaction with flow disturbances cause non-normality and nonlinearity. The property of non-normality indicates that small flow perturbation can result in a large transient growth, which may trigger combustion instability [21] . A simple model of a horizontal Rijke tube [22] has been developed to study the importance of non-normality in triggering combustion instabilities. The mean temperature has been assumed to be constant along the entire tube. Kulkarni et al [23, 24] used this model to analyze the role of non-normality in active control of combustion instability. A transient growth controller was developed to damp the acoustic oscillations in a Rijke tube. This model was also adopted by Juniper [21] to predict the most dangerous initial state that can trigger combustion instability by applying an adjoin looping algorithm and a conjugate gradient algorithm. These works do give us an expanded insight into the phenomenon of combustion instability. However, the mean temperature assumption made in the previous works is neither generally applicable nor mathematically justified. Furthermore, it is not consistent with the measured mean temperature configuration in a Rijke tube as did by Matveev & Culick [10] . The lack of the mean temperature effect on the thermoacoustic system stability and transient growth partially motivated the present work.
In this work, a generalized model is first developed in Section 2. It describes the dynamics of a Rijke type thermoacoustic system. The unsteady response of the heated source to oncoming flow disturbances is described by a modified form of King's law. The flow disturbances are expanded by using Galerkin series and the thermoacoustic instability is measured by the phase between the unsteady heat release and acoustic pressure. In Section 3, three mean temperature configurations are presented and the mean temperature effects on the thermoacoustic eigenfrequencies and mode shapes are investigated. The comparison between the theoretical prediction on different mean temperature assumption and experimental results are conducted. In Section 4, the transient growth of flow disturbances is characterized and calculated by applying a singular value decomposition method to study the system's non-normality.
Mean Temperature Effect on a Thermoacoustic System Stability and Non-normality

DESCRIPTION OF NUMERICAL MODEL 2.1. Model of acoustic wave generation and propagation
A 1D thermoacoustic system with two Dirichlet boundary conditions is considered. Fig. 1 shows the schematic of the open-ended thermoacoustic system. An acoustically compact heat source is confined and modeled by a modified form of King's low. The numerical model incorporates the main physical processes of the generation and propagation of acoustic waves within the Rijke tube.
The instantaneous velocity is comprised of a mean and fluctuating part as given as
The overbar denotes the mean value and the prime denotes perturbation. Similarly, the density ρ(x, t), pressure p(x, t), temperature T(x, t) and sound speed c(x, t) can be written as the same form as the velocity.
Following the previous work [25] , the 1D momentum and energy equations of the thermoacoustic system can be presented as
When the heat source is added into the tube, ρ(x, t) varies in two aspects: the instantaneous pressure p(x, t) and specific entropy s(x, t). It can be represented by the following chain rule of differentiation [13] (4)
If the viscous and heat conduction effects are neglected and the property of perfect gas is considered, the following can be obtained (5) Where Q(t), C p and γ denote the heat input per unit volume, the specific heat at constant pressure and the ratio of specific heat. δ (x) is Dirac delta function and x h denotes the heat source location.
Assuming that the mean flow Mach number is much smaller (<0.02), it is reasonable to ignore the mean flow velocity and mean heat release. Substituting Eq. (5) into Eq. (4) leads to where the heat release rate Q¢(t) can be written as [22] (7)
T w and d w , L w are the temperature, diameter and the equivalent length of the heated source. λ and C ν are heat conductivity and the specific heat of air at constant volume. S denotes the cross-section area of the tube. t denotes the time lag between the moment when the oncoming velocity perturbation acts and that when the corresponding heat release is felt.
Substituting Eq. (6) into Eq. (2) first and then combining Eq. (2) and Eq. (3) lead to (8) Considering the properties of steady pressure along the whole tube being constant and the ideal gas, Eq. (8) can be simplified as (9) Due to the presence of the heat source, the mean temperature along the tube is not simply uniform. According to Matveev's experiment [10] , the mean temperature distribution is shown in Fig. 2 . By using the curve fitting, the mean temperature can be numerically represented as Subscript 1 and 2 denote the variables for the upstream and downstream region. T 1b , T 2b are the mean temperatures in the just pre-and after-position of the heat source. m 1 and m 2 denote the slope of the straight lines. L denotes the length of the tube.
By using Galerkin series [13] , the pressure perturbation can be expanded as (11) The functions y m (x) are the eigen-solutions of the homogeneous wave equation 
For simplification, another transformation [26] can be made as (15) Then Eq. (14) can be simplified to be a Bessel differential equation as shown as (16) Therefore, the upstream solution of the above differential equation can be represented as 
The four boundary conditions constitute four homogenous equations for the four unknowns C 1 , C 2 , C 3 and C 4 . In order to obtain non-zero solutions in the homogenous, if and only if the determinant of the coefficient matrix equals to zero. This condition determines the nature frequency of combustion oscillations. It is a straightforward matter to show that the functions y m are orthogonal.
Replacing p¢(x, t) in the momentum Eq.(2) with Eq. (11) gives (23) Substituting Eq. (11) into Eq. (9) leads to (24) Multiplying Eq. (24) with y n (x) and then carrying out an integration from x = 0 to x = L leads to (25) The effect of damping on the growth and saturation of oscillations is also considered [10] . The governing equations can be modified as (27) where (28) Here c 1 and c 2 are constant.
Nonlinear self-excited oscillations
Nonlinear combustion-excited limit cycle oscillations in the modeled thermoacoustic system with the third mean temperature configuration is observed as shown in Fig. 3 . It can be seen that the velocity and pressure oscillations exponentially grow and finally saturate to a large-amplitude value. The periodic limit cycle is evidently observed in the modeled thermoacoustic system. To gain insight on the generation mechanism of limit cycles, the eigenfrequenices of the linearized thermoacoustic system are determined, as shown in Fig. 4 . One pair of the real parts of the eigenvalues on the right part of imaginary axis illustrates that the system is linearly unstable. It can explain why the limit cycles are produced.
As seen in Eq. (7) the heat release rate is a nonlinear function of the oncoming flow velocity. A small disturbance in the velocity can lead to a perturbation in the heat release, which acts as an energy source to generate acoustic pressure and finally the acoustic pressure drive the flow field further. In order to check whether the unsteady heat release and the pressure oscillations are in phase [25] , the phase θ (ω, t) between the heat release and pressure oscillation at frequency ω at any instant is determined as When the phase difference between the heat release rate and pressure oscillations are in phase, the saturation can occur. Fig. 5 shows the variation of the phase difference θ(ω 1 , t) with time. It can be seen the heat release rate and the pressure fluctuation in phase at the moment when the velocity and pressure perturbation grows into the limit cycle, which shows a good agreement with the Rayleigh's criterion [5] . This can explains the reason of occurrence of combustion instability.
THE EFFECT OF THE MEAN TEMPERATURE DISTRIBUTION ON COMBUSTION-EXCITED EIGENMODES
In order to investigate the effect of the mean temperature distribution on eigenmodes of combustion system, three configurations are considered. The first configuration is the one that the mean temperature is uniform along the whole tube. The second is with constant mean temperature in pre-and after-combustion regions and a sudden jump across the heat source. The third configuration is the one with linearly varied axial mean temperature in pre-and after-combustion regions and a sudden jump across the heat source. 17) and (18) . Table. 1 shows the eigen-frequencies of thermoacoustic oscillations obtained both from the numerical model and experiments [10] . The homogenous data can be derived by some approximation conditions, such as the determinant of the coefficient matrix from Eqs. (19) , (20) and (21) being zeros. The inhomogeneous eigenfrequencies are obtained by numerically solving the nonlinear governing equation. As for fundamental frequencies, there are limited differences between the homogeneous eigenfrequencies and inhomogeneous eigenfrequencies, which can verify that the homogeneous eigenfrequencies can be used in some qualitative analysis instead of the inhomogeneous eigenfrequencies. Furthermore, compared with the quantities in Conf. 1 and Conf. 2, the eigenfrequencies calculated in Conf. 3 are much closer to the experimental data and the difference is smaller than 1 percent, which proves that Conf. 3 provides much more precise information about the eigenfrequencies of the combustion system. larger than that in case 1. It indicates that the mean temperature jump across the heat source significantly affect the mode shape. Furthermore, the mean temperature gradient can also lead to large variations in pressure and velocity mode shapes, which can be supported by Figs. 7.
TRANSIENT GROWTH ANALYSIS OF ACOUSTIC DISTURBANCES
In order to predict the transient stability behavior of the thermoacoustic system, the transient growth analysis of flow disturbances is conducted.
Definition of the total acoustic energy in a Rijke tube
To characterize the transient growth of flow disturbances, defining a measure in the combustion system is necessary. The total acoustic energy E per unit cross-sectional area was chosen as the measure, which comprises a kinetic component and a potential component. The acoustic energy E (x h , t) is given as
As is known, the eigen-frequencies of the open-ended thermoacoustic system are related to the position of the heat source. It is easy to see that the total acoustic energy is a function of both the heat source position and time t in Eq. (32). Note that the assumption of the perfect gas guarantees that . The linearization process is presented in Appendix. A is a 2N × 2N linear stability operator of the Rijke tube. y is a 2N dimensional space vector as shown as The maximum amplification of the total acoustic energy is defined as follows (39) where 'max' means the growth factor G(x h , t) is the maximal value over all possible initial conditions, i.e. it describes the envelope of the energy evolution of all possible initial conditions. In order to calculate the G max (x h , t), singular value decomposition method (SVD) is used to get the singular values of exp(D -1 ADt). Figs. 8, 9 and 10 show the variation of G(x h = 0.25, t) with time t at three different heat release rate for the three different mean temperature configurations. When the unsteady heat release is low, the transient growth rate decreased monotonously and G max = 1.0, just as shown in Fig. (8) . A stable combustion system is obtained. By increasing the heat release rate to some extent as that G max (x h = 0.25, t) > 1.0, the transient growth rates in all of the three configurations first increase and finally decease, just as shown in Fig. (9) . Furthermore, the comparison results of G max | case1 > G max | case2 > G max | case3 illustrate that the non-normality of the thermoacoustic system with mean temperature jump and mean temperature gradients is less noticeable than the other two configurations. The system in case 1 shows more pronounced non-normality. Further increase of heat release rate lead G max to go to infinity and the thermoacoustic system becomes unstable for all the three cases (for Fig.(10) ). Similar trends in the three temperature cases are shown with Fig. (9) at the initiative time, but the transient growth rate in case 2 are dominant and exhibiting the largest growth rate in the long run.
Non-normality of the Rijke tube
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CONCLUSTIONS
In this work, a thermoacoustic model of Rijke tube is developed to study the stability behaviors. It emphasizes the effects of mean temperature distributions on the nature property of thermoacoustic system, including the eigenfrequencies and eigenmode shape of thermoacoustic oscillations and the transient growth of flow disturbance. Three different mean temperature configurations are considered. The first configuration assumes that there is a uniform mean temperature along the whole tube. This configuration has been widely used in many studies. Based on the first configuration, the second one takes a sudden mean temperature jump across the heat source into account. The last one makes a further improvement and emphasizes on the mean temperature undergoing a linearly varied axial increase and decrease in pre-and after-combustion regions. The third configuration presents two characteristic behaviors: a jump across the heat source and axial gradient in two regions, which are more close to the experiment measurement. The comparison between the three configurations with the experimental measurement shows that the eigenfrequencies in the third configuration have a better agreement with the experimental data than that in the other configuration. Furthermore, it has also been proven that the mean temperature distribution affects the fundamental pressure and velocity mode shape significantly. The maximum transient growth rate G max is obtained by using singular value decomposition method (SVD). No matter in the stable or unstable cases, the difference between the three cases becomes larger and larger as time increases. It's also noted that system with uniform temperature distribution shows more pronounced non-normality than that with the other two mean temperature configurations in the stable case.
APPENDIX: LINEARIZATION OF THE NONLINEAR HEAT RELEASE MODEL
Assuming that , the unsteady heat release Q¢ can be approximated as 
